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Abstract Coincidence and common fixed point theorems
for b-quasi contractive mappings on metric spaces
endowed with binary relations and involving suit-
able comparison functions are presented. Our results gen-
eralize, improve, and extend several recent results. As an
application, we study the existence of solutions for some
class of integral equations.
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Introduction
The Banach contraction principle [1] may be considered as
one of most powerful tools for establishing existence and
uniqueness of solutions for various non linear problems.
This principle is often used in the analysis of nonlinear
governing equations arising in physics, engineering,
economy and other disciplines. In its statement that every
mapping T : X ! X has a unique fixed point in the setting
of nonempty complete metric spaces (X, d), the principle is
restricted to mappings that satisfy a contraction given by
dðTx; TyÞ q dðx; yÞ where q 2 ð0; 1Þ and x; y 2 X. In
order to generalize the Banach contraction principle, C´iric´
in [2] shows that T still admits a unique fixed point if
T satisfies a quasi contractive condition of the form:
dðTx; TyÞ qmax dðx; yÞ; dðx; TxÞ; dðy; TyÞ; dðx; TyÞ; dðy; TxÞf g;
ð1Þ
for all x; y 2 X. It is worthwhile noting that the quasi-con-
tractive condition subsumes the original contraction and
may also be applied to non continuous mappings. Later,
Samet and Turinici [3], established an important fixed point
result where the contractive condition is required only on
binary related elements of X. Several known results from
literature can be derived from their main theorem, for
instance we cite those of Kannan [4], Chatterjea [5], Hardy
and Rogers [6], Ran and Reurings [7], Nieto and Lo´pez [8],
C´iric´ [9] and Kirk et al. [10]. More recently, there have been
some attempts to generalize the fixed point results for
metric spaces endowed with binary relation. For more
details, we refer the reader to [11–19].
In this paper, some coincidence point results in complete
metric spaces endowed with transitive binary relations are
first highlighted. Subsequently, the existence and unique-
ness of common fixed point theorem for two mappings are
established under some suitable conditions. Moreover,
some coincidence and common fixed point theorems
involving amorphous binary relation are proven. Finally, as
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equation is presented. The paper is divided into five sec-
tions. Section introduces the notation used herein, presents
a number of definitions and recalls some useful results.
Coincidence and common fixed point theorems are stated
in Sect. 1, while their proofs are the subject of Sect. 2.
Several consequences are subsequently derived in Sect. 3.
Finally, the existence of solutions for some class of Ury-
sohn integral equation is shown in Sect. 4.
Preliminaries
Let us introduce some definitions and recall some basic
preliminary results which will be needed in the following
sections. Throughout this paper, we denote by N the set of
all positive integer and N0 ¼ N [ f0g. Let (X, d) be a
metric space,R be a binary relation on X and g; T : X ! X
be two mappings. Denote by
Cðg; TÞ :¼ fx 2 X : gx ¼ Txg:
the set of coincidence points of g and T. Let x0 2 X, and
suppose that TðXÞ  gðXÞ. Hence, we can choose x1 2 X
satisfying gx1 ¼ Tx0. Again from TðXÞ  gðXÞ; we can
choose x2 2 X satisfying gx2 ¼ Tx1: Continuing this pro-
cess, we construct a sequence fxng satisfying
gxnþ1 ¼ Txn for all n 2 N0: ð2Þ
Denote by Oðx0Þ the set of all sequences fxng satisfying
(2). Define also the g-orbit set, at s ¼ fxkgk2N0 2 Oðx0Þ,
from p to q with q[ p[ 0, by Op;qðg; sÞ ¼ fgxp; gxpþ1;
. . .; gxqg. Similarly, define the infinite g-orbit set at s from
p by Op;1ðg; sÞ ¼ fgxp; gxpþ1; gxpþ2; . . .g.
Definition 1.1 We say that (X, d) is g-orbitally complete
if and only if for all x0 2 X and s 2 Oðx0Þ: every Cauchy
sequence in O0;1ðg; sÞ converges in X.
Definition 1.2 ([11]) A subset D of X is called R-g-di-
rected if for every x; y 2 D, there exists z 2 X such that
gxRgz and gyRgz.
Definition 1.3 ([3])We say that ðX; d;RÞ is regular if for a
sequence fxng in X, if we have xnRxnþ1 for all n 2 N0 and
limn!1 dðxn; xÞ ¼ 0 for some x 2 X; then there exists a
subsequence fxnðkÞg of fxng such that xnðkÞRx for all k 2 N0.
Definition 1.4 ([11]) Let X be a non empty set, g; T :
X ! X be two mappings and R be a binary relation. We
say that T is g-comparative if
x; y 2 X; gxRgy ¼) TxRTy: ð3Þ
Definition 1.5 Let b 2 ð0;þ1Þ and u : ½0;þ1Þ !
½0;þ1Þ be a function satisfying the properties:
(P1) u is nondecreasing;
(P2) limn!1 unbðtÞ ¼ 0 for all t[ 0, where unb denote
the n-th iterate of ub and ubðtÞ ¼ uðb tÞ;
(P3) there exists s 2 ð0;þ1Þ such that P1n¼1 unbðsÞ
\1;
(P4) ðid  ubÞ  ubðtÞub  ðid  ubÞðtÞforallt 0;
where id : ½0;þ1Þ ! ½0;þ1Þ is the identity
function.
The set of all functions u satisfying (P1)–(P4) is called the
set of b-comparison functions and denoted by Ub:
Example 1.1 Let u : ½0;þ1Þ ! ½0;þ1Þ be a function
given by uðtÞ ¼ at where a 2 ð0; b1Þ and b[ 0; then u 2
Ub: Note that, if a[ 1 then uðtÞ[ t and soP1
n¼1 u
nðtÞ ¼ 1:
Lemma 1.1 Let b 2 ð0;þ1Þ and u 2 Ub: Then
(i) ub is nondecreasing;





bðtÞ\1 for all t[ 0;
(iv) ðid  ubÞ  unbðtÞunb  ðid  ubÞðtÞ for all t 0
and n 2 N0:
Proof From t\t0; it follows that bt\bt0: Using (P1), we
obtain uðbtÞ\uðbt0Þ; that is ubðtÞ\ubðt0Þ which proves
(i). Suppose next that (ii) does not hold. There exists t0[ 0
such that ubðt0Þ t0 and bubðt0Þ bt0: Using (i), it fol-
lows u2bðt0Þubðt0Þ t0: Therefore, by induction, we
obtain unbðt0Þ t0 which contradict (P2), and hence (ii) is





bðsÞ\1: Since (P2) holds, for t[ 0 there
exists ‘ 2 N such that u‘bðtÞubðsÞ: Hence,
















and this proves (iii). Finally, (iv) follows from (P4) using
an induction on n. h
Remark 1.1 Let a; b 2 ð0;þ1Þ: If a\b; then Ub 	 Ua:
Definition 1.6 Let X be a non empty set and g : X ! X
be a mapping. A mapping T : X ! X is called b-quasi
contractive (with respect to g) if there exist b[ 0 and
u 2 Ub such that
x; y 2 X : gxRgy ¼) dðTx; TyÞuðMT ;gðx; yÞÞ;
where
MT ;gðx; yÞ ¼ max

a0dðgx; gyÞ; a1dðgx; TxÞ; a2dðgy; TyÞ;
a3dðgx; TyÞ; a4dðgy; TxÞ

;
with ak  0 for 0 k 4:
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Main results
The basic definitions about coincidence points, g-orbital
completeness of metric binary spaces, g-comparative
mappings, directed subsets and regular spaces endowed
with relations, were stated in the previous section. In
addition, we introduced concepts of b-comparison func-
tions and b-quasi contractive with respect to g. In the
current section, we state the main results of coincidence
points for mappings in complete metric spaces endowed
with binary relations. The proofs supporting these results
will be the subject of the next section. We start with the
first result on the existence of coincidence points.
Theorem 2.1 Let (X, d) be a g-orbitally complete space
endowed with a transitive binary relation Rsuch that
ðX; d;RÞ is regular. Let g; T : X ! X be two mappings
satisfying the following conditions:
(A1) there exists x0 2 X such that gx0RTx0;
(A2) g(X) is closed and TðXÞ 	 gðXÞ;
(A3) T is g-comparative;
(A4) there exists b max0 k 4fakg such that T is b-
quasi contractive (w.r.t. g);
Moreover, assume that one of the following conditions
holds:
(A5:a) u is continuous;
(A5:b) b[ maxfa2; a3g;
(A5:c) T and g are continuous and commute on O1ðg; sÞ
for some s 2 Oðx0Þ:
Then, T and g have a coincidence point in X.
In the following theorem, some supplementary condi-
tions to those of Theorem 2.1 have been added, in order to
show existence and uniqueness of common fixed point.
Theorem 2.2 In addition to the hypotheses of Theo-
rem 2.1, assume that the following conditions hold:
(B1) R is symmetric or b max0 k 4fak; 2a1g;
(B2) C(g, T) is R-g-directed;
(B3) T and g commute at their coincidence points.
Then, T and g have a unique common fixed point.
Next, we use an amorphous binary relation instead of
transitive binary relation. However, the results are
obtained in the framework of complete metric spaces.
Theorem 2.3 Let (X, d) be a complete metric space
endowed with a binary relation R such that ðX; d;RÞ is
regular. Let g; T : X ! X be two mappings satisfying the
following conditions:
(C1) There exists x0 2 X such that gx0RTx0;
(C2) g(X) is closed and TðXÞ 	 gðXÞ;
(C3) T is g-comparative;
(C4) There exists b max0 k 4fak; 2a4g such T is b-
quasi contractive (w.r.t. g);
Moreover, assume that one of the following conditions
holds:
(C5:a) u is continuous;
(C5:b) b[ maxfa2; a3g.
Then T and g have a coincidence point in X.
Proceeding as before, the existence and uniqueness of a
common fixed points can be shown under some supple-
mentary conditions, as stated in the following theorem.
Theorem 2.4 In addition to the hypotheses of Theo-
rem 2.3, suppose that,
(D1) C(g, T) is R-g-directed;
(D2) T and g commute at their coincidence points;
(D3) b maxfa0; 2a1; 2a3; 2a4g.
Then, T and g have a unique common fixed point.
Proofs
The proof of the main results are postponed after several
preliminary lemmas.
Lemma 3.1 Let (X, d) be a metric space endowed with
binary relation R and g; T : X ! X be two mappings
satisfying:
(a1) there exists x0 2 X such that gx0RTx0;
(a2) TðXÞ 	 gðXÞ;
(a3) T is g-comparative;
(a4) T is b-quasi contractive (w.r.t. g).
Then, for any s ¼ fxngn2N 2 Oðx0Þ, we have
dðgxi; gxiþ1ÞuðMT ;gðxi1; xiÞÞ; for all i 2 N:
Furthermore, if R is transitive then for all i; j 2 N, we
have
dðgxi; gxjÞuðMT ;gðxi1; xj1ÞÞ:
Proof It will suffice to show that
gxi1Rgxi; for all i 2 N; ð4Þ
where the sequence fxng is given by (2). We proceed by
induction on i. For i ¼ 1, we have from (a1), gx0RTx0 and
since gx1 ¼ Tx0, then gx0Rgx1. We assume then that (4)
holds for i ¼ k, that is, gxk1Rgxk and prove that (4) is true
for i ¼ k þ 1 . Since T is g-comparative, then from
gxk1Rgxk it follows Txk1RTxk. Therefore, by (2), we
obtain gxkRgxkþ1. h
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Lemma 3.2 In addition to the hypotheses of Lemma 3.1,
suppose that b maxk¼0::4fakg and R is transitive. Then,
for s ¼ fxngn2N0 2 Oðx0Þ, we have
dðgxi; gxjÞubðDðO0;nðg; sÞÞÞ; for all i; j 2 f1; . . .; ng;
where DðO0;nðg; sÞÞ ¼ maxfdðgxi; gxjÞ : 0 i; j ng.
Further, there exists 1 k n such that DðO0;nðg; sÞÞ ¼
dðgx0; gxkÞ.
Proof Let 1 i\j n, using Definition 1.5 and Lemma
3.1, we have






In particular, by Lemma 1.1, we have
dðgxi; gxjÞubðDðO0;nðg; sÞÞÞ\DðO0;nðg; sÞÞ
for all 1 i\j n;
which implies that DðO0;nðg; sÞÞ ¼ dðgx0; gxkÞ for some
integer k n. h






where DðO0;1ðg; sÞÞ :¼ supfdðgxi; gxjÞ; i; j 0g.
Proof At first, we note that we have
DðO0;1ðg; sÞÞDðO0;2ðg; sÞÞ    DðO0;kðg; sÞÞ
    for all k 2 N:






ðid  ubÞðDðO0;nðg; sÞÞÞ dðgx0; Tx0Þ:
Thus, by applying the nondecrasing map t 7!Pp‘¼0 u‘bðtÞ to
both side of the previous inequality, we obtain
Xp
‘¼0




Using Lemma 1.1, leads to
Xp
‘¼0




which implies, by (P4), that
















Lemma 3.4 Under the hypotheses of Lemma 3.2. For all
m; n 2 N such that m[ n[ 0, we have
DðOn;mðg; sÞÞu‘bðDðOn‘;mðg; sÞÞÞ where 1 ‘ n:
ð5Þ
Furthermore, fgxkgk2N is a Cauchy sequence.
Proof We proceed by induction on ‘. For ‘ ¼ 1, by
Lemma 3.2 there exists n\km such that





Assume that the inequality (5) holds for some ‘\n. By
Lemma 3.2, there exists an integer k with n ‘\km
such that





DðOn;mðg; sÞÞu‘bðDðOn‘;mðg; sÞÞÞu‘þ1b ðDðOn‘1;mðg; sÞÞÞ;
which means inequality (5) holds. Next, we claim that
fgxkgk2N is a Cauchy sequence. Since we have
dðgxn; gxmÞDðOn;mðg; sÞÞ, then for ‘ ¼ n, we have
dðgxn; gxmÞunbðDðO0;mðg; sÞÞÞunbðDðO0;1ðg; sÞÞÞ:
Next, using limn!þ1 unbðtÞ ¼ 0 where t ¼ DðO0;1ðg; sÞÞ,
it follows that for any e[ 0, there exists N[ 0 such that
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for all nN, we have unbðtÞ\e. Since, from Lemma 1.1,
we have ubðtÞ\t, we conclude that
dðgxm; gxnÞunbðtÞuNb ðtÞ\e;
for m[ n[N. Consequently, fgxkgk2N is a Cauchy
sequence. h
Lemma 3.5 Let (X, d) be a g-orbitally complete space
endowed with a binary relation R such that ðX; d;RÞ is
regular. Assume that:
(b1) TðXÞ 	 gðXÞ;
(b2) There exists x0 2 X such that gx0RTx0;
(b3) There exists fxngn2N0 2 Oðx0Þ such that gxn con-
verges to y ¼ gx;
(b4) There exists b[ 0 such that T is a b-quasi
contractive mapping;
(b5) u is continuous or b[ maxfa2; a3g.
Then, x 2 Cðg; TÞ.
Proof From (b1), (b2) and (b3), we deduce similarly to
(4) that for fxngn2N0 2 Oðx0Þ, we have gxnRgxnþ1 for all
n 2 N. By (b3), we have limn!1 dðgxn; gxÞ ¼ 0. Hence,
by the regularity of ðX; d;RÞ, there exists a subsequence
fgxnðkÞgk2N satisfying
gxnðkÞRgx; for all k[ 0:
From (b4), we obtain
dðTxnðkÞ; TxÞuðMT ;gðxnðkÞ; xÞÞ:
Denote q ¼ dðgx; TxÞ: For all k we have
MT ;gðxnðkÞ; xÞ ¼ maxfa0dðgxnðkÞ; gxÞ; a1dðgxnðkÞ; TxnðkÞÞ;
a2dðgx; TxÞ; a3dðgxnðkÞ; TxÞ; a4dðgx; gxnðkÞþ1Þg:
Letting k !1 in the above equation, we obtain
lim
k!1
MT ;gðxnðkÞ; xÞ ¼ maxfa2q; a3qg ¼ maxfa2; a3gq:
We claim that q ¼ 0. Suppose, by contradiction, that
q[ 0. From (b5), if we suppose that u is continuous, we
have
quðmaxfa2; a3gqÞuðbqÞ ¼ ubðqÞ\q;
which is a contradiction. However, if we suppose that
b[ maxfa2; a3g, then there exists e[ 0 and N[ 0 such
that for all n[N, we have
MT ;gðxnðkÞ; xÞ\ðmaxfa2; a3g þ eÞq and b
[ maxfa2; a3g þ e:
Therefore,
dðgxnðkÞþ1; TxÞ uðMT ;gðxnðkÞ; xÞÞ
uððmaxfa2; a3g þ eÞqÞ
¼ ub





maxfa2; a3g þ e
b
q\q:
Thus by letting k !1, we get
q\
maxfa2; a3g þ e
b
q\q;
which is a contradiction as well. Hence, our claim
holds. h
Now, we are ready to furnish the proof of the first main
result of the previous section.
Proof of Theorem 2.1 Let x0 2 X satisfying (A1) and
choose any sequence s ¼ fxngn2N0 2 Oðx0Þ. By Lemma
3.4, it follows that fgxng is a Cauchy sequence. As (X, d) is
g-orbitally complete there exists y such that
limn!1 gxn ¼ y. Since g(X) is closed, there exits x sat-
isfying y ¼ gx. Suppose that either (A5.a) or (A5.b)
holds, then using Lemma 3.5, we deduce that Tx ¼ gx.
Now, suppose that (A5.c) holds. Let s ¼ fxngn2N0 2 Oðx0Þ
such that T and g commute at the orbit O1ðg; sÞ. Since the
sequence fgxng is a Cauchy sequence, let y ¼ limn!1 gxn.
Since T and g commute at the orbit, for all n 2, we have
g2xn ¼ T2xn2, then limn!1 g2xn ¼ limn!1 T2xn2. Using








which implies gy ¼ Ty. h
In order to prove Theorem 2.2, we will first need the
following two lemmas:
Lemma 3.6 In addition to the hypotheses of Theo-
rem 2.2, suppose that x; y 2 Cðg;TÞ, then gx ¼ gy:
Proof As C(g, T) is R-g-directed, there exists x0 2 X
such that gxRgx0 and gyRgx0. We consider a sequence
s ¼ fxngn2N0 2 Oðx0Þ. First, lets assume that R is sym-
metric, then gx0RTx0. Hence, by Lemma 3.4, the sequence
fgxng is a Cauchy sequence. Since (X, d) is g-orbitally
complete, there exists z such that limn!þ1 gxn ¼ z. As
the relation R is transitive we have gxnRgx. Using the
fact that T is b-quasi contractive we obtain
dðgxnþ1; gxÞ ¼ dðTxn; TxÞ
u max a0dðgxn; gxÞ; a1dðgxn; gxnþ1Þ; a3dðgxn; gxÞ;fð
a4dðgx; xnÞgÞubðmaxfdðgx; gxnÞ; dðgxn; gxnþ1ÞgÞ:
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If there exists a subsequence fnðkÞgk2N0 such that
dðgxnðkÞ; gxnðkÞþ1Þ[ dðgx; gxnðkÞÞ; ð6Þ
then, we have
dðgxnðkÞþ1;gxÞubðdðgxnðkÞ;gxnðkÞþ1ÞÞ\dðgxnðkÞ;gxnðkÞþ1Þ;
and therefore limk!1 dðgxnðkÞþ1;gxÞ ¼ 0 and hence
z ¼ gx. If there is no subsequence n(k) such that (6) is
true, then there exists N[0 such that for all n[N, we
havedðgxn;gxÞ [dðgxn;gxnþ1Þ, and it follows
dðgxnþ1; gxÞubðdðgxn; gxÞÞunNb ðdðgxN ; gxÞÞ;
which converges to 0 as n tends to infinity. Hence,
limn!1 dðgxnðkÞ; gxÞ ¼ 0 and then z ¼ gy. Similarly, we
prove that z ¼ gy which implies that gx ¼ gy.
Now, assume that b max0 k 4fak; 2a1g. As T is a
g-comparative mapping, for all n 0; we have gxRgxn
and gyRgxn: Since T is b-quasi contractive, we have
dðgxnþ1; gxÞ ¼ dðTxn; TxÞuðMT ;gðxn; xÞÞ:
On the other hand, we have
MT ;gðxn; xÞ ¼maxfa0dðgxn; gxÞ; a1dðgxn; gxnþ1Þ;
a3dðgxn; gxÞ; a4dðgx; gxnþ1Þg
 maxfa0dðgxn; gxÞ; a1dðgxn; gxÞ
þ a1dðgx; gxnþ1Þ;
a3dðgxn; gxÞ; a4dðgx; gxnþ1Þg
 bmaxfdðgxn; gxÞ; dðgxnþ1; gxÞg:
And as u is nondecreasing, we have
dðgxnþ1; gxÞ ¼ dðTxn; TxÞuðMT ;gðxn; xÞÞ
ubðmaxfdðgxn; gxÞ; dðgxnþ1; gxÞgÞ:
Suppose that for some n we have dðgxn; gxÞ
dðgxnþ1; gxÞ. It follows that
dðgxnþ1; gxÞubðdðgxnþ1; gxÞÞ\dðgxnþ1; gxÞ;
which is a contradiction.
Then for all n 0, we necessary have dðgxn; gxÞ
[ dðgxnþ1; gxÞ, and it follows that
d gxnþ1; gxð Þub d gxn; gxð Þð Þ:
Then, by induction we obtain that
dðgxnþ1; gxÞunbðdðgx0; gxÞÞ;
which implies that limn!1 dðgxn; gxÞ ¼ 0. Similarly, we
can prove that
lim
n!1 dðgxn; gyÞ ¼ 0:
Consequently, we have gx ¼ gy. h
Lemma 3.7 Let X be a non empty set and T; g : X ! X
be two mappings such that:
(c1) C(g, T) is non empty.
(c2) T and g commute at any coincidence point.
(c3) gx ¼ gy for all x, y in C(g, T).
Then T and g have a unique common fixed point.
Proof Let x 2 Cðg; TÞ; that is, gx ¼ Tx: Since T and
g commute at their coincidence points, then
g2x ¼ gTx ¼ Tgx:
Let us denote z ¼ gx: Then from the above equation, it
follows that gz ¼ Tz. Thus, z is a coincidence point. By
(c3), we have gz ¼ gx ¼ z ¼ Tz, that is, z is a common
fixed point of T and g. This common fixed point is unique;
assuming x is another common fixed point of T and g, then
again by (c3) we have x ¼ gx ¼ gz ¼ z: h
Proof of Theorem 2.2 By Theorem 2.1 C(g, T) is non
empty. Then by Lemma 3.6, the hypotheses of Lemma 3.7
are satisfied. Therefore T and g have a unique common
fixed point. h
Proof of Theorem 2.3 Let s ¼ fxngn2N0 2 Oðx0Þ. By
Lemma 3.1 we have
dðgxnþ1; gxnÞ ¼ dðTxn; Txn1ÞuðMT ;gðxn; xn1ÞÞ: ð7Þ
On the other hand, for all n 1; we have:
MT;gðxn; xn1Þ ¼max

a0dðgxn; gxn1Þ; a1dðgxn; TxnÞ;
a2dðgxn1; Txn1Þ; a3dðgxn;Txn1Þ; a4dðgxn1;TxnÞ

¼ maxa0dðgxn; gxn1Þ; a1dðgxn; gxnþ1Þ;
a2dðgxn1; gxnÞ; a4dðgxn1; gxnþ1Þ

 maxa0dðgxn1; gxnÞ; a1dðgxn; gxnþ1Þ;
a2dðgxn; gxn1Þ; a4dðgxn1; gxnÞ þ a4dðgxn; gxnþ1Þ

 bmax dðgxn1; gxnÞ; dðgxn; gxnþ1Þ

:
Since u is nondecreasing, we have
uðMT ;gðxn; xn1ÞÞuðbmaxfdðgxn1; gxnÞ; dðgxn; gxnþ1ÞgÞ:
ð8Þ
Assume that dðgxn; gxn1Þ dðgxn; gxnþ1Þ: From (7), (8)
and Lemma 1.1, we obtain
dðgxnþ1; gxnÞubðdðgxn; gxnþ1ÞÞ\dðgxn; gxnþ1Þ;
which is a contradiction.
Then, for all n we have dðgxn; gxn1Þ[ dðgxn; gxnþ1Þ.
By (8) we have
dðgxn; gxnþ1Þuðbdðgxn; gxn1ÞÞ ¼ ubðdðgxn; gxn1ÞÞ
 u2bðdðgxn1; gxn2ÞÞ    unbðdðgx1; gx0ÞÞ:
In addition, for n\m we have













bðtÞ\1, then for every




Thus dðgxn; gxmÞ\e: This implies that fgxng is a Cauchy
sequence in X. Now, since (X, d) is complete and g(X) is
closed, then there exists x 2 X such that gx ¼ limn!1 gxn.
And finally, using Lemma 3.5 we conclude that gx ¼ Tx.
That is x is a coincidence point. h
Proof of Theorem 2.4 Since C(g, T) is R-g-directed,
then there exists x0 2 X such that gxRgx0 and gyRgx0.
Let s ¼ fxngn2N0 2 Oðx0Þ, as T is a g-comparative map-
ping, for all n 0; we have gxRgxn and gyRgxn and then
dðgxnþ1; gxÞ ¼ dðTxn; TxÞuðMT ;gðxn; xÞÞ: ð9Þ
On the other hand, we have
MT ;gðxn; xÞ ¼maxfa0dðgxn; gxÞ; a1dðgxn; gxnþ1Þ; a3dðgxn; gxÞ;
a4dðgx; gxnþ1Þg
 maxfa0dðgxn; gxÞ; a1dðgxn; gxÞ þ a1dðgx; gxnþ1Þ;
a3dðgxn; gxÞ þ a4dðgx; gxnþ1Þg
 bmaxfdðgxn; gxÞ; dðgxnþ1; gxÞg:
As a consequence, using (9), we have
dðgxnþ1; gxÞubðmaxfdðgxn; gxÞ; dðgxnþ1; gxÞgÞ:
ð10Þ
Next, we shall prove that
lim
n!1 dðgxn; gxÞ ¼ 0: ð11Þ
Suppose for some n, we have dðgxn; gxÞ dðgxnþ1; gxÞ:
We have from (10)
dðgxnþ1; gxÞubðdðgxnþ1; gxÞÞ\dðgxnþ1; gxÞ;
which is a contradiction.
Then for all n 0; we have dðgxn; gxÞ[ dðgxnþ1; gxÞ:
And, using (10), we have dðgxnþ1; gxÞubðdðgxn; gxÞÞ
for all n. By induction we obtain
dðgxnþ1; gxÞunbðdðgx0; gxÞÞ forall n:
Hence (11) follows from (P2). Similarly, we can prove that
lim
n!1 dðgxn; gyÞ ¼ 0:
Therefore, by the uniqueness of the limit, it follows that
gx ¼ gy and by Lemma 3.7, T and g have a unique
common fixed point. h
Consequences
Several consequences of the main results are established in
this section.
Corollary 4.1 ([3]) Let (X, d) be a complete space
endowed with a transitive binary relation R such that
ðX; d;RÞ is regular. Let T : X ! X be a mapping satis-
fying the following conditions:
(A1) there exists x0 2 X such that x0RTx0;
(A2) T is id-comparative;
(A3) there exists u 2 U2 such that








Then, T has a a fixed point x 2 X. Moreover, if in addition,
C(id, T) is R-id-directed , then x is the unique fixed point
of T in X.
Proof This result follows immediately from Theorem 2.1
and Theorem 2.2 by taking g ¼ id. h
Remark 4.1 Noting that Samet and Turinici in [3] proved
the previous result for u 2 U1 and without condition (P4).
However, the existence of the fixed point can be proved for
a transitive binary relation but not necessarily symmetric.
Corollary 4.2 Let (X, d) a complete metric space
endowed with a partial order  such that ðX; d; Þ is
regular. Let g; T : X ! X two mappings satisfying the
following conditions:
(1) there exists x0 2 X such that gx0 Tx0;
(2) g(X) is closed and TðXÞ 	 gðXÞ;
(3) gx gy implies Tx Ty for all x; y 2 X;
(4) there exists b[ 0 and a continuous function u 2 Ub
such that
x; y 2 X : gx gy ¼) dðTx; TyÞuðMg;Tðx; yÞÞ;
where Mg;Tðx; yÞ is given by Definition 1.6.
Then, T and g have a coincidence point in X.
Proof The coincidence point result follows immediately
from Theorem 2.1 by taking a binary relation R given by
x; y 2 X : xRy() x y:
h
Corollary 4.3 Let (X, d) be a complete metric space
endowed with a partial order  such that ðX; d; Þ is
regular. Let T : X ! X be a mapping satisfying the fol-
lowing conditions:
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(1) There exists x0 2 X such that x0 Tx0;
(2) T is non decreasing;
(3) There exists a continuous function u 2 U1 such that
dðTx; TyÞuðmax dðx; yÞ; dðx; TxÞ; dðy; TyÞ;
dðx; TyÞ; dðy; TxÞÞ;
for all x y: Then, T has a fixed point in X.
Proof The fixed point result comes as an immediate
consequence of Corollary 4.2 when g ¼ id. h
Corollary 4.4 Let (X, d) be a complete metric space,
T ; g : X ! X be a pair of commuting continuous mappings,
such that g(X) is closed and TðXÞ 	 gðXÞ: Assume that
there exists u 2 U1 satisfying
dðTx; TyÞu max dðgx; gyÞ; dðgx; TxÞ; dðgy; TyÞ;fð
dðgx; TyÞ; dðgy; TxÞgÞ;
for all x; y 2 X. Then, T and g have a unique common fixed
point.
Proof All hypotheses of Theorem 2.1 are satisfied by
taking R ¼ X 
 X: In addition hypothesis (A5.c) is also
satistied, and therefore we have shown the existence of a
coincidence point. Furthermore, all hypotheses of Theo-
rem 2.2 are satisfied, which implies that T and g have a
unique common fixed point. h
Corollary 4.5 Let (X, d) be a complete metric space and
T ; g : X ! X be two commuting mappings such that g(X) is
closed and TðXÞ 	 gðXÞ: Suppose there exists q 2 ð0; 1Þ
satisfying
dðTx; TyÞ qmax dðgx; gyÞ; dðgx; TxÞ; dðgy; TyÞ;f
dðgx; TyÞ; dðgy; TxÞg;
for all x; y 2 X. Then, T and g have a unique common fixed
point.
Proof It is an immediate consequence of the previous
corollary where uðtÞ ¼ qt. h
Corollary 4.6 ([16]) Let (X, d) be a complete metric
space and T : X ! X be continuous mapping. Suppose
there exists u 2 U1 such that
dðTx; TyÞu max dðx; yÞ; dðx; TxÞ; dðy; TyÞ; dðx; TyÞ; dðy; TxÞf gð Þ;
for all x; y 2 X. Then, T has a unique fixed point in X.
Proof The result is an immediate consequence of Corol-
lary 4.4 when g ¼ Id. h
Remark 4.2 The condition (P4) from Definition 1.5 is not
introduced in [16]. However, it is required to prove
[Lemma 2, [16]].
Corollary 4.7 ([2]) Let (X, d) be a complete metric space
and T : X ! X be continuous mapping. Suppose that (1)
holds. Then, T has a unique fixed point in X.
Proof This result is an immediate consequence of
Corollary 4.5 with g ¼ id. h
Remark 4.3 Further consequences may be derived once
we specify the binary relation R.
Applications
Integral equations govern many topics in several disci-
plines, such as applied mechanics, population dynamics,
and economy. They arise from several applications (see,
for instance, Agarwal et al. [20] and O’Regan and Meehan
[21] and the references therein). As an example, we will
apply Theorem 2.1 to establish some conditions which





Fðt; s; xðsÞÞ dsþ kðtÞ; t 2 ½0; s; ð12Þ
where F : ½0; s 
 ½0; s 
 Rn ! Rn, k : ½0; s ! Rn are
continuous and g : X ! X surjective.
Let ðX; k  kBÞ be a Banach space. The space X ¼




ejtjxðtÞj; for all x 2 X;
where j[ 0, is arbitrarily chosen. Define
dj;sðx; yÞ ¼ kx ykj;s ¼ max
t2½0;s
ejtjxðtÞ  yðtÞj; for all; x; y 2 X:
Noting that ðX; dj;sÞ is a complete metric space.
Let n : Rn 
 Rn ! R be a function and s 1. Assume
that the following assumption holds:
(H1) for all u; v;w 2 Rn, if nðu; vÞ 0 and nðv;wÞ 0,
then nðu;wÞ 0;
(H2) for all x; y 2 X such thatnðgxðsÞ; gvðsÞÞ 0 for all
s 2 ½0; s we have
jFðt; s; xðsÞÞ  Fðt; s; yðsÞÞj u 2jgxðsÞ  gyðsÞjð Þ;
for all s 2 ½0; s;
where u 2 U2 and uðatÞ auðtÞ for all t 2 ½0; s
and for all a 1.




Fðt; s; x0ðsÞÞ dsþ kðtÞ
 
 0:
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(H4) for all x; y 2 X and for all t 2 ½0; s, if




Fðt; s; xðsÞÞ dsþ kðtÞ;
Z t
0
Fðt; s; yðsÞÞ dsþ kðtÞ
 
 0:
(H5) if fxng is a sequence in X such that
limn!1 dj;sðxn; xÞ ¼ 0 and nðxnðtÞ; xnþ1ðtÞÞ  0
for all n 2 N0 and t 2 ½0; s then nðxnðtÞ; xðtÞÞ 0
for all n 2 N0 and for all t 2 ½0; s.
Theorem 5.1 Under hypotheses (H1)–(H5), the integral
equation (12) has at least one solution x in X.




Fðt; s; xðsÞÞ dsþ kðtÞ; t 2 ½0; s:
Let x; y 2 X satisfying n gxðsÞ; gyðsÞð Þ 0 for all t 2 ½0; s.
Therefore, from (H2), we have
jTxðtÞ  TyðtÞj ¼
Z t
0




























u 2 gxðsÞ  gyðsÞj jess essð Þ ds










 s1u 2dj;s gx; gyð Þ
 
est:
Therefore, for s 1, we obtain
dj;s Tx; Tyð Þuð2dj;s gx; gyð ÞÞ:
Next, we define the binary relation by
xRy if and only if nðxðtÞ; yðtÞÞ 0; for all t 2 ½0; s:
Then, we have
gxRgy ¼) dj;s Tx; Tyð Þuð2dj;s gx; gyð ÞÞ:
Hence, by Theorem 2.1 for MT ;g ¼ 2dðgxgyÞ, it follows
that T and g have at least a coincidence point in X, that is,
Tx ¼ gx. Consequently, the integral equation (12) has at
least one solution x in X. h
Conclusion
Improvements to some coincidence and common fixed
point theorems are proposed. In particular, the result due to
C´iric´ in [2] for quasi-contractive mapping is generalized.
Furthermore, the fixed point theorem due to Samet and
Turinici in [3] for spaces endowed with binary relation has
been extended. This has been achieved by introducing the
b-quasi contractive mappings on metric spaces endowed
with binary relations involving b-comparison functions. As
an application, the existence of solutions to a generalized
class of Urysohn integral equations has been shown. The
approach used in the current contribution may be extended
for different types of metric spaces.
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